Abstract: Vibrating targets may cause azimuth smearing in airborne synthetic aperture radar (SAR) images. Any motion of a reflector during the coherent integration time of a SAR image causes a phase modulation in the corresponding reflector phase history. For a sinusoidal motion, the phase modulation causes sidebands, often indistinguishable from stationary reflectors. The modulation is described in terms of a time-dependent Doppler frequency. Time-frequency methods are useful tools for such cases. Among the many possible time-frequency methods the authors chose the adaptive optimal kernel (AOK) method for the purposes of the present paper. With the AOK method they analysed an oscillating reflector within an airborne SAR image. The oscillation was clear and the oscillation parameters were estimated from the time-frequency distribution. The parameters agreed well with ground truth. In particular, the oscillation frequency agreed well, while the amplitude was less accurate, but still reasonable.
Introduction
Synthetic aperture radar (SAR) imaging is a well-established technique to form high-resolution radar images of a given target scene. SAR imaging both from spaceborne and airborne radars of stationary scenes is well understood [ 11, relying on the relative motion between the imaging radar and the scene of interest. When there are moving objects within the SAR scene, the situation is more complicated. Depending on the actual object motion, effects such as object displacement and severe blurring occur. In some situations, such moving objects are of the highest importance. We then wish to detect them, estimate object parameters and possibly identify them. A particular class of moving targets are vibrating targets, i.e. targets that have oscillatory motion. Even rather small oscillations can have significant impact on radar signatures [2] . Vibrations and oscillations can be important to characterise the target [3] . In many cases, a target with vibrations may be assumed to contain an engine or other moving parts.
Time-frequency methods may be used to analyse the motion of vibrating targets. An oscillating target causes a phase modulation of the target phase history. The modulation occurs in slow time, which is also called the synthetic aperture time dimension or azimuth. We show that timefrequency methods are useful tools to examine oscillating targets, as their phase history may be described in terms of time-dependent Doppler frequencies. A test case, where oscillating corner reflectors were placed within an airborne SAR scene is shown. For one reflector, the oscillation is Proc.-Radar-Sonar Nuvig., Vol. 150, No. 3, June 2003 revealed using a time-frequency method, and the parameters of oscillation frequency and amplitude can be estimated. The parameters compare well with ground truth.
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Theory
A stationary scattering centre within a given SAR scene will trace out a unique phase history as the SAR antenna is moved relative to the scene [4] . The phase history is related to the position of the scattering centre, and the SAR processor does its work by estimating the position and complex amplitude from the given phase history. When the scattering centre is not stationary over the time of data collection (the synthetic aperture time), the phase history of the scattering centre is affected in a manner dependent on the particulars of the target motion.
I Moving objects in SAR images
We consider a SAR antenna moving along the x-axis as in Fig. 1 . A stationary scattering point is located at P = ( x o , yo). At x the distance from the antenna to the point P is
The corresponding phase of the received signal is simply p(x)=2kr(x), where k=2n//2. The phase changes as the antenna is moved, and this is what makes SAR processing possible. Many SAR processors work by compensating this phase in such a manner that only a linear phase over the aperture remains. The slope of the linear phase then gives the azimuth position, and this is easily estimated by the FFT.
It is clear that if the point scatterer moves during the aperture time, the phase of the received signal is affected. The simplest way to describe the results is by considering the modified range
by the oscillating reflector. A time-dependent frequency is a problematic concept in a theoretical sense, but it works well for single component phase modulated signals. To examine such cases, time-frequency methods are useful tools. There are many methods to choose from. We use the Cohen's class of time-frequency distributions due to their superior resolution potential. The Cohen's class of distributions are all given by [7] : The dependence of Ar on the actual underlying motion can be complicated, but the modification of the phase is simply Aq = 2kAr. If the SAR processor proceeds as outlined above, the phase modification will pass unchanged through the processor. The resulting phase history of the scattering point before the final azimuth FFT will then be the wanted linear phase plus a motion dependent phase modulation. The effect may just as well be described in terms of Doppler shift, defined as the derivative of the phase of the compensated phase history with respect to aperture time:
The Doppler shift is a spatial rather than temporal phenomenon [5] . The connection is simply given by x = vpt, with vp the platform velocity. The frequency fo is proportional to the azimuth position of the scatterer. In the simple case of a linear range motion we see that the result is the well known azimuth shift of the scatterer. For more complicated motions, we see that the result can be regarded as a general phase (or frequency) modulation. Considering a sinusoidal range motion of Ar = d sin("& we see that quite small motions are enough to cause significant modulation, as a change of a half-wavelength causes the phase to change by 2.n. The instantaneous Doppler frequency becomes:
The expression is a frequency modulation, corresponding to a phase modulation with modulation index / 3 = 4nd//l. It is well known from modulation theory [6] that such modulation causes sidebands of amplitude Jn(p) and frequency nw, for the nth sideband in the spectrum. The spectrum in the context of a SAR-image here refers to an image azimuth cut.
In the above considerations we have glossed over a potential problem. If the range motion is larger than the range resolution cell size, the relevant reflector phase history will be spread among several range lines of the finished image in a way that depends on the instantaneous position of the scatterer. The described effect is not related to range curvature, as we assume that the SAR processor compensates for that. The phase history contribution that we consider is the deviation from the ideal stationary point reflector history that, depending on the SAR processor complexity and resolution, may or may not include range curvature. In our paper we consider reflectors that remain in one range bin only.
Time-frequency analysis
As we see from (4), it is in some sense more physically correct to speak of a time-dependent Doppler frequency than a multi-band signal for the phase modulation caused 174 Accordingly, the instances of Cohen's class are generated by selecting various forms of the kernel function Y in ( 5 ) , and many forms have been used. Most rely on the fact that for signals whose frequency content is not changing too rapidly, a kernel in the form of a low-pass filter will smooth out interference terms.
For the present study, we used the adaptive optimal kernel method (AOK) [SI. In this method, the kernel function is adapted to the underlying signal so that interference is suppressed while retaining as much as possible of the time-frequency resolution. The kernel is adapted to the signal in the ambiguity function domain. The ambiguity function is the two-dimensional Fourier transform of the Wigner-Ville distribution. For signals with reasonable frequency content, the signal energy will be concentrated near the origin in the ambiguity function domain, while the interference terms will be farther out. A radially Gaussian kernel is then chosen to match the signal energy around the origin. The AOK method compares favourably in terms of resolution and dynamic range with many others [9] .
Experimental results
As shown in the previous Section, quite small oscillations may cause significant modulations of a SAR signal, since the SAR uses a time interval to collect the data. The modulation will be measurable when the integration time is larger than a significant part of one oscillation cycle. An experiment was set up to test the methods outlined in the previous Section using real radar data.
I
For the present study we used a SAR image collected by the APY-6 radar of the US Navy [IO] . The image is shown in Fig. 2 . The SAR image shows Point Lookout, a peninsula near the place where the Potomac River meets the Chesapeake Bay, not far from Washington DC. Within the SAR scene there are two oscillating trihedral corner reflectors. They are both close to 330 m in range and 3 10 m in azimuth. The reflectors consisted of three plates, which could be controlled individually. Accordingly, the plates could be set to move coherently or with different frequencies. Fig. 3 gives an azimuth cut through one of the test reflectors. The given reflector was set to oscillate coherently with a frequency of 2.00Hz with peak-to-peak amplitude of 8 m m at the edge of the reflector plates. Unfortunately, during the test, the bottom plate of the three stopped moving. Fig. 3 shows that the strongest reflector may correspond to an oscillating reflector. This is seen from the sidebands about 15 dB below the peak. As stated in Section 2.1 such sidebands would result from a sinusoidal phase modulation. However, it is not possible to draw any conclusions based only on the azimuth slice. The sidebands might just as well be stationary weaker reflectors. Accordingly, we calculated the time-frequency distribution of signal energy using the AOK. The result is shown in Fig. 4 . The most striking feature is the dominant reflector at about 80 Hz over the entire integration time. The frequency axis corresponds to the image azimuth, so the image cut given in Fig. 3 is essentially the time-frequency distribution integrated along the time axis. The times before 0 s and after 1.3 s are dominated by edge effects in the AOK method. From the plot it is difficult to see any oscillations. Hence, a close-up is shown in Fig. 5 . Now, the oscillation is clearly seen. To estimate the oscillation parameters, we fitted a model of the form:
Description of data set
Time-frequency signature
to the data. The fit was done with an exhaustive search over the parameter space. The chosen parameter set was the one with minimuAm squared error. The estimates were fo=77.1Hz, A=0.57Hz, fm=2.03Hz and 8=0.23. The resulting fit is shown in Fig. 5 as a white line, and we see that the fit agrees well in a visual sense with the underlying time-frequency signature. Furthermore, the estimated modulation frequency of 2.03 Hz agrees excellently with the groundA truth value of 2.00Hz. From the estimated amplitude A we find, using (4), the corresponding oscillation amplitude as d=0.7 mm. This is lower than the ground truth of 4 mm, but still a reasonable value considering that we measure the range component of the reflector phase centre displacement. As already mentioned, the bottom plate stopped moving some time during the test, but whether it moved during the actual time of collection is not known. Furthermore, the use of a time-frequency method tends to smooth the frequency deviations somewhat as a certain integration time must be used. We conclude that we may measure the modulation frequency accurately from the time-frequency distribution, but that the amplitude is more uncertain.
Conclusions
Using the Cohen's class time-frequency method called the adaptive optimal kemel (AOK) distribution, we analysed an oscillating comer reflector within an airborne SAR image from the APY-6 radar. Moving reflectors cause phase modulation in the slow time domain phase history. We used the AOK method due to its good performance in the resolution-interference trade-off common to such methods. Although difficult to see in the image itself, the oscillation was clear in the time-frequency distribution.
From the time-frequency distribution, we could estimate the useful parameters of oscillation frequency and amplitude. The frequency agreed very well with ground truth, while the amplitude was smaller than the ground truth value, but still in reasonable agreement. The oscillation parameters can obviously be used to characterise an object, and the parameters may be input to some kind of target identification.
